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Abstract: We collected the transverse momentum (pT ) spectra of lepton pairs (ℓℓ¯) generated in the Drell-Yan
process, experimented in proton-nucleus (pion-nucleus) and proton-(anti)proton collisions from ten collaborations
over a center-of-mass energy (
√
sNN or
√
s if in a simplified form) range from ∼ 20 GeV to above 10 TeV. Three
types of probability density functions, i.e. the Le´vy-Tsallis function, two-component Erlang distribution, and
Hagedorn function, are utilized to fit and analyze the pT spectra. The fitting results are approximately in agree-
ment with the collected experimental data. Then, we obtained the variation law of related parameters changing
as
√
s and mass (Q). In the fit process, in the Drell-Yan process, a given function can be regarded as the prob-
ability density function of pT contributed by a single quark (q) or anti-quark (q¯). Thus, the contribution of qq¯
to pT spectrum of ℓℓ¯ is the fold of two functions. The Drell-Yan process is described by us as the statistical process.
Keywords: Drell-Yan process, Lepton pairs, Le´vy-Tsallis function, two-component Erlang distribution, Hage-
dorn function
PACS: 13.75.Cs, 13.85.Fb, 25.75.Cj
1 Introduction
In recent years, it is found that, in the central re-
gion of high energy nucleus-nucleus collisions at acceler-
ator or collider, a special environment with an extreme
density and high temperature is formed, meanwhile the
strong interaction between quarks is weaken. As a re-
sult, the collisions have created a new physical form
called quark-gluon plasma (QGP). This became the fo-
cus of attention in high energy and nuclear physics. The
gradual maturity of quantum chromodynamics (QCD)
and gauge field theory provide a powerful explanation
for this novel phenomenon. In fact, QGP is particu-
larly short-lived. In QGP formed during the collisions,
the quark (q) and anti-quark (q¯) can soon be annihi-
lated into a virtual photon (γ∗) or Z boson, and then
decay to form a pair of leptons (positive and negative
leptons, ℓℓ¯). Among them, the yield, constant mass, ra-
pidity (y) and transverse momentum (pT ) distribution
of ℓℓ¯ depend on the momentum distribution of qq¯ and
gluons in QGP in the collision region. Therefore, the
information of ℓℓ¯ can be used to judge whether QGP is
generated and further study its thermodynamic status,
and ℓℓ¯ becomes one of the important signals generated
by QGP. In the consequence, the study on ℓℓ¯ becomes
particularly critical.
Lepton is a type of fermion that does not partici-
pate in strong interactions. Its quantum number of spin
is 1/2. There are many processes that can generate ℓℓ¯
in the experiments of high energy collisions. In 1970,
Sidney Drell and Tung-Mow Yan firstly proposed a ℓℓ¯
produced in a high energy hadron scattering, which was
called Drell-Yan process [1]. When a q in one hadron
and a q¯ in another hadron are annihilated, a virtual pho-
ton γ∗ or Z boson is generated, and then decay into ℓℓ¯,
which is expressed as A+B −→ γ∗/Z+X −→ ℓ+ ℓ¯+X ,
where A and B are collision hadrons and X denotes
other particles produced in the collisions. The Drell-
Yan process has been extensively studied experimen-
tally, and the emergence of QCD can make people better
understand the Drell-Yan process.
The Drell-Yan process is a high energy collision pro-
cess. Observations in experiments (including energy, pT ,
y, etc.) provide lots of valuable information about the
dynamic properties and evolution process of the pro-
duced particles. In particular, as the transverse com-
ponent of the momentum of a moving particle on the
cross-section of beam direction, pT has Lorentz invari-
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ance in the beam direction and is used to describe the
particles’ motion and reflect the system’s dynamics dur-
ing the freezing phase kinetic properties. There are dif-
ferent functions that can be used to describe the pT
spectra. For example, we can use the Le´vy-Tsallis func-
tion [2, 3, 4, 5, 6], the two-component Erlang distribu-
tion [7, 8, 9], and the Hagedorn function [10, 11] to fit
the experimental data to obtain the analytical parame-
ters of the pT spectrum. Since the Drell-Yan process [1]
is the result of the interactions of two (anti-)quarks, we
can use the fold of two functions to describe the pT spec-
tra.
In this paper, we use three functions to fit and an-
alyze the pT spectra of ℓℓ¯ generated in the Drell-Yan
process obtained by ten collaborations from the ex-
periments of high energy proton-nucleus (pion-nucleus)
and proton-(anti)proton collisions. These experimental
studies provide a great help for us to better understand
the collision mechanism and dynamic characteristics of
the mentioned process.
2 Formalism and method
As we know, at different energies, ℓℓ¯ produced in the
Drell-Yan process of high energy collisions shows differ-
ent pT spectra. In other words, different pT spectra are
obtained due to different situations. We can use differ-
ent probability density functions to fit and analyze the
pT spectra of ℓℓ¯, and extract the relevant information
about the ℓℓ¯ from the pT spectra which are fairly useful
for us to study the interaction mechanism. Here we
briefly describe the three functions which will be used
in this study.
2.1 The Le´vy-Tsallis function
The Boltzmann distribution is the most impor-
tant probability density function in thermodynamic and
statistical physics. We present the probability den-
sity function of pT as a simple Boltzmann distribu-
tion [12, 13, 14]:
fpT (pT ) =
1
N
dN
dpT
= CBpT exp
(
−
√
p2T +m
2
0
TB
)
, (1)
where N is the number of particles, CB is the normal-
ization constant, m0 is the rest mass of the particle, and
TB is the reaction temperature at the time of collision.
The Boltzmann distribution is a special form of the
Tsallis distribution, and the later has a few alternative
forms [2, 3, 4, 5, 6]. As one of the Tsallis distribution
and its alternative forms, the Le´vy-Tsallis function of
the pT spectrum of hadrons [2, 3, 4, 5, 6] is inspired
by us. We have the following form to describe the pT
distribution of (anti-)quark:
f1(pT ) = Nq
√
pT
[
1 +
1
nT
(√
p2T +m
2
q −mq
)]−n
,
(2)
where Nq is the normalization constant and mq is the
mass of q or q¯ taken part in the reaction. In general, we
use mu = md = 0.3 GeV/c
2 in the Drell-Yan process.
It has been verified that the Tsallis distribution is just
a special case of the Le´vy distribution, but not the op-
posite [6].
2.2 The two-component Erlang distri-
bution
The Erlang distribution [7, 8, 9] is proposed to fit the
pT spectra in the multi-source thermal model [15]. Gen-
erally, a two-component Erlang distribution [7, 8, 9] is
used to describe both the soft and hard processes. The
contribution fractions of the two components are deter-
mined by fitting the experimental data. The numbers of
sources participating in the soft and hard processes are
represented by nS ≥ 2 and nH = 2 respectively. The
contribution of each emission source to the transverse
momentum (pt) of the charged particle in the final state
is assumed to obey an exponential function:
fi(pt) =
1
〈pt〉exp
(
− pt〈pt〉
)
, (3)
where 〈pt〉 represents the average pt contributed by the
i-th source.
The pT distribution contributed by nS (nH) sources
is the fold of nS (nH) exponential functions, which is
the Erlang distribution. Let k denotes the contribution
fraction of the first component (soft process). The two-
component Erlang distribution is:
f(pT ) =
kpnS−1T
(nS − 1)!〈pt〉nSS
exp
(
− pT〈pt〉S
)
+
(1− k)pT
〈pt〉2H
exp
(
− pT〈pt〉H
)
. (4)
Fitting the data with the two-component Erlang dis-
tribution, we can get the changes of parameters 〈pt〉S ,
〈pt〉H , and k. The contribution fraction of the second
component is 1− k which shows an opposite trend with
k.
2
2.3 The Hagedorn function
The Hagedorn function is an inverse power law [10,
11] which is an empirical formula derived from pertur-
bative QCD. Generally, this function can only describe
the spectra at large pT , but not the entire pT interval.
In the case of using the Hagedorn function in a wide
range of pT , the probability density function of pT can
be expressed as:
f1(pT ) = ApT
(
1 +
pT
p1
)−n1
, (5)
where A is the normalization constant, p1 and n1 are
the fitted parameters. The final state particles with
high momenta are mainly produced by the hard scat-
tering process during the collisions. However, both the
soft and hard processes contribute to the pT spectra.
In some case, the soft excitation process in the low pT
range can also be described by the Hagedorn function.
We try to use the Hagedorn function to fit pT spectra
in the entire pT interval.
The Hagedorn function has some revisions. These
revisions result in some over-estimations in low (or high)
pT region comparing to the Hagedorn function. Con-
trarily, these revisions result in some under-estimations
in high (or low) pT region due to the normalization.
The revisions of the Hagedorn function are beyond the
focus of the present work, we shall not discuss them
anymore.
2.4 The fold of functions
The fold of functions is an important operation pro-
cess in functional analysis that can be used to describe
the weighted superposition of input and system response
(that is, two sub-functions). The Drell-Yan process is
the result of the interactions of two (anti-)quarks in high
energy collisions, which means that we need the fold
of two functions to describe this process. Indeed, the
above Eq. (2) or (5) can be only used to describe the
transverse momentum distribution, f1(pt1), of a single
(anti-)quark’s contribution. The second (anti-)quark’s
contribution is f2(pt2) = f1(pT − pt1). So the fold of
two probability density functions should be used to de-
scribe the pT spectrum of ℓℓ¯ in the Drell-Yan process.
We have the fold of two Eq. (2) or (5) to be expressed
as:
f(pT ) =
∫ pT
0
f1(pt1)f1(pT − pt1)dpt1, (6)
where f1(pt1) [f1(pT − pt1)] is shown as Eq. (2) if we
use the Le´vy-Tsallis function or Eq. (5) if we use the
Hagedorn function
The fold formula Eq. (6) can be used to fit the pT
spectrum of ℓℓ¯ in the Drell-Yan process. On the one
hand, Eq. (6) can reflect the weighted superposition of
the transverse momentum of each (anti-)quark to the
pT spectrum in the process. On the other hand, Eq.
(6) can also be well reflected in the interaction system,
where various parameters are affected by various fac-
tors at various times. Using the fold to fit the data is
a good choice for us, which is able to more accurately
reflect the interaction process and mechanism between
participants, more completely describe the changes and
relationships of various parameters, and further better
analyze the pT spectrum.
3 Results and discussion
Figure 1 shows the pT spectra of ℓℓ¯ with different
masses (Q) or quark numbers (x) produced by the Drell-
Yan process in different collisions at different energies,
whereE and σ on the vertical axis denote the energy and
cross section respectively. Among them, the data points
presented in Figures 1(a)–1(c) are quoted from the
proton-copper (p-Cu) collision experiments performed
by the E288 Collaboration [16], and the collision energy
per nucleon pair (
√
sNN or
√
s if in a simplified form) is
19.4, 23.8, and 27.4 GeV, respectively. The data points
shown in Figure 1(d) are the results of the p-Cu collision
experiment performed by the E605 Collaboration [17] at
a collision energy of 38.8 GeV. For the E288 Collabora-
tion, the mass ranges from 4 to 14 GeV/c2, while the
corresponding mass ranges of the E605 Collaboration
are from 7 to 18 GeV/c2. The experimental data points
in Figures 1(e) and 1(f) are from negative pions (π−)
induced wolfram (W) (π−-W) collisions at 21.7 GeV
performed by the FNAL-615 Collaboration [18]. The
different symbols in Figure 1(e) represent mass Q in
the range of 4.05–13.05 GeV/c2 with different scalings,
where the units GeV/c are not shown in the panel due
to crowding space. While groupings of the quark num-
bers x in the range 0.00–1.00 with interval of 0.10 are
noted in Figure 1(f) with different scalings. Different
collaborations have different quality intervals, while the
detailed grouping information are marked in the panels.
In some cases, the range of rapidity y is not available
due to other selection conditions such as the complex
polar coverages and sensitivities of detector components
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Figure 1. Transverse momentum spectra of ℓℓ¯ with different masses Q or quark numbers x produced by the Drell-Yan process
in different collisions at different energies. The data points in Figures 1(a)–1(c) are quoted from the E288 Collaboration [16]
and obtained in p-Cu collisions at
√
s = 19.4 GeV (4 ≤ Q < 9 GeV/c2), 23.8 GeV (4 ≤ Q < 13 GeV/c2), and 27.4 GeV
(5 ≤ Q < 13 GeV/c2), respectively. The data points in Figure 1(d) come from p-Cu collisions at √s = 38.8 GeV performed
by the E605 Collaboration [17]. The data points in Figures 1(e) (4.05 ≤ Q < 13.05 GeV/c2) and 1(f) (0.00 ≤ x < 1.00)
come from π−-W collisions at
√
s = 21.7 GeV measured by the FNAL-615 Collaboration [18], where the units GeV/c2 are
not shown in Figure 1(e) due to crowding space. The solid, dashed, and dotted curves are our results of fitting the data
points with the Le´vy-Tsallis function, two-component Erlang distribution, and Hagedorn function, respectively.
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Figure 2. Transverse momentum spectra of ℓℓ¯ with different masses Q produced by the Drell-Yan process in pp collisions at√
s = (a) 62, (b) 200, and (c) 510 GeV. The data points are quoted from the (a) R209 [19], (b) PHENIX [20], and (c) STAR
Collaborations [21]. The solid, dashed, and dotted curves are our results of fitting the data points with the Le´vy-Tsallis
function, two-component Erlang distribution, and Hagedorn function, respectively.
or Feynman variable being used [18]. The solid, dashed,
and dotted curves in all panels are the results of our fit-
tings with the Le´vy-Tsallis function, two-component Er-
lang distribution, and Hagedorn function, respectively.
We use the minimum-χ2 to discriminate the goodness
of the fitting and list the determined parameters in Ta-
ble 1 with χ2 and number of degree of freedom (ndof).
One can see that the three functions or distributions
can fit approximately the pT spectra of ℓℓ¯ produced by
the Drell-Yan process in high energy p-Cu and π−-W
collisions.
Figure 2 shows the pT spectra of ℓℓ¯ with different
mass Q generated by the Drell-Yan process in proton-
proton (p-p or pp) collisions and measured by three
different collaborations. The data points in Figure
2(a) are from the experimental results measured by
the R209 Collaboration [19]. The collision energy is√
s = 62 GeV, and the Q range is 5 − 8 GeV/c2. The
data points in Figure 2(b) shows the experimental re-
sults from the PHENIX Collaboration [20]. The
√
s is
200 GeV, the Q range is 4.8− 8.2 GeV/c2, and the ra-
pidity range is 1.2 < y < 2.2. The data points in Figure
2(c) are from the experimental results of the STAR Col-
laboration [21]. The
√
s is 510 GeV, the Q range is
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Figure 3. Same as Figure 2, but showing the pT spectra of ℓℓ¯ with different masses Q produced by the Drell-Yan process in
pp¯ collisions at
√
s = (a)(c) 1.8 and (b)(d) 1.96 TeV. The data points are quoted from the (a)(b) CDF [22, 23] and (c)(d)
D0 Collaborations [24, 25, 26].
73 − 114 GeV/c2, and the rapidity range is |y| < 1. In
some cases, the range of rapidity y is not available due
to other selection conditions being used [19]. We use
the Le´vy-Tsallis function (solid curves), two-component
Erlang distribution (dashed curves), and Hagedorn func-
tion (dotted curves) to fit the pT spectrum of ℓℓ¯ to ob-
tain the parameter values which are given in Table 1.
One can see that the three functions or distributions
can fit approximately the pT spectra of ℓℓ¯ produced by
the Drell-Yan process in high energy pp collisions.
Similar to Figure 2, Figure 3 shows the pT spectra
of ℓℓ¯ produced by the Drell-Yan process in proton-anti-
proton (p-p¯ or pp¯) collisions with (a)(b) 66 ≤ Q < 116
GeV/c, (c) 75 ≤ Q < 105 GeV/c, and (d) 70 ≤
Q < 110 GeV/c at (a)(c)
√
s = 1.8 TeV and (b)(d)√
s = 1.96 TeV. The data points in Figures 3(a) and
3(b) are from the experiments of the CDF Collabo-
ration [22, 23] and D0 Collaboration [24, 25, 26] re-
spectively. In some cases, the range of rapidity y is
not available due to other selection conditions being
used [22, 23, 24]. Similarly, we use the Le´vy-Tsallis func-
tion (solid curves), two-component Erlang distribution
(dashed curves), and Hagedorn function (dotted curves)
to fit the pT spectra of ℓℓ¯ to obtain the parameter values
which are given in Table 1. One can see that the three
functions or distributions can fit approximately the pT
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spectra of ℓℓ¯ produced by the Drell-Yan process in high
energy pp¯ collisions.
Figure 4 shows the pT spectra of ℓℓ¯ produced by the
Drell-Yan process in high energy pp collisions. From
Figures 4(a)–4(f), the event samples with different con-
ditions (
√
s, Q, and y) are shown in the panels. The
data points are quoted from the experiments performed
by the (a)–(d) ATLAS [27, 28, 29], (e) CMS [30, 31], and
(f) LHCb Collaborations [32, 33, 34]. Again, we use the
Le´vy-Tsallis function (solid curves), two-component Er-
lang distribution (dashed curves), and Hagedorn func-
tion (dotted curves) to fit the pT spectrum of ℓℓ¯ to ob-
tain the parameter values which are given in Table 1.
One can see that the three functions or distributions can
fit approximately the pT spectra of ℓℓ¯ produced by the
Drell-Yan process in pp collisions at ultrahigh energies.
In order to better observe the phenomenon and com-
pare the law of changes of the parameters extracted from
the pT spectra of ℓℓ¯ at different
√
s and with different
Q, Figures 5(a) and 5(b) show the trend of parameter n,
and Figures 5(c) and 5(d) show the trend of parameter
T , obtained by the fitting, using the Le´vy-Tsallis func-
tion. Comparing Figures 5(a) and 5(c), we can analyze
the trend of parameters with
√
s. It can be seen that
as increasing
√
s, the parameter n increases quickly and
then decreases slowly, and the parameter T increases
slowly and then significantly. There is a knee point for
the trend of n at
√
s ≈ 40–50 GeV. Meanwhile, there is a
boundary at
√
s ≈ 200 GeV above which T increases sig-
nificantly. Similarly, we compare Figures 5(b) and 5(d)
and analyze the change of parameters with Q. It can be
clearly seen that the parameter n increases quickly and
then decreases slowly, and the parameter T increases
slowly and then significantly, with the increase of Q.
There is a knee point for the trend of n at Q ≈ 14–15
GeV/c2. Meanwhile, there is a boundary at Q ≈ 20
GeV/c2 above which T increases significantly.
Figure 6 is similar to Figure 5, but it showing the
dependence of parameters (a)(b) 〈pt〉S , (c)(d) 〈pt〉H ,
and (e)(f) k on (a)(c)(e)
√
s and (b)(d)(f) Q obtained
from the two-component Erlang distribution. One can
see that with increasing
√
s, 〈pt〉S and 〈pt〉H increase
slowly and then quickly, and k (1 − k) decreases (in-
creases) slowly and then quickly. There is a boundary
at
√
s ≈ 500 GeV. Meanwhile, with increasing Q, 〈pt〉S
and 〈pt〉H increase slowly and then quickly, and k (1−k)
decreases (increases) slowly and then quickly. There is
a boundary at Q ≈ 30 GeV/c2.
In Figure 7, we show the changes of parameters for
fitting the experimental data using the Hagedorn func-
tion. In Figures 7(a) and 7(b), one can find that the
parameter p1 has an obvious tendency to increase with
the increase of
√
s and Q. In Figures 7(c) and 7(d), one
can find that the parameter n1 has an obvious tendency
to increase and then to decrease with the increase of
√
s
and Q. There is a knee point for the trend of n1 at√
s ≈ 40–50 GeV and Q ≈ 10–20 GeV/c2.
It should be pointed out that the values of the param-
eters in Figures 5–7 are all obtained by fitting the exper-
imental data in Figures 1–4 using the Le´vy-Tsallis func-
tion, two-component Erlang distribution, and Hager-
dorn function, where the values obtained from Figures
1(e) and 1(f) are not included. Firstly, this is because
the grouping of the quality in Figure 1(e) is different
from the grouping of other data, and there are already
many other groupings. Secondly, Figure 1(f) analyzes
the pT spectra within different ranges of quark numbers,
which is different from others in terms of event sample.
To avoid trivialness, we have not put the fitting results
of Figures 1(e) and 1(f) in Figures 5–7, though these
results are also shown in Table 1. We find that, by ana-
lyzing these results, they do not contradict to the trend
of other results presented in Figures 5–7.
The parameters T , 〈pt〉S , 〈pt〉H , and p1 show
monotonous increasing trend when
√
s and Q increase,
though the variation degrees are different. These in-
creasing trends reflect that these parameters describe
the violent degree of collisions between two (anti-)quarks
in the Drell-Yan process. As the contribution fraction of
the first component in the two-component Erlang distri-
bution, k decreasing with increasing
√
s and Q reflects
naturally the increase of the contribution fraction of the
second component. The parameters n and n1 increase
firstly and then decrease with the increase of
√
s and
Q. This variation implies the change of interacting pat-
tern. A possible explain is that the collision centrality
between the two (anti-)quarks changes from periphery
to center when
√
s and Q increase. We should pay more
attentions on this variation in our future study.
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Fig. 4. Same as Figure 2, but showing the pT spectra of ℓℓ¯ with different conditions (
√
s, Q, and y) produced by the
Drell-Yan process in pp collisions at the LHC energies. The data points are quoted from the experiments performed by the
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Fig. 5. The trends of parameters (a)(b) n and (c)(d) T in the Le´vy-Tsallis function with (a)(c) energy
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s and (b)(d) mass
Q. The parameter values are taken from Figures 1–4 and recorded in Table 1. Since the mass grouping in Figure 1(e) is
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Figures 1(e) and 1(f) to avoid trivialness.
9
01
2
3
4
10 2 10 3 10 4
√s (GeV)
<
p t
>
S 
(G
eV
/c)
_          
4<Q<5 GeV/c2                 
5<Q<6 GeV/c2                 
6<Q<7 GeV/c2                 
7<Q<8 GeV/c2                 
8<Q<9 GeV/c2                 
11<Q<12                           
12<Q<13                           
13<Q<18                           
44<Q<66                          
60<Q<120                        
116<Q<150                      
(a)     
0
1
2
3
4
10 10 2
Q (GeV/c2)
<
p t
>
S 
(G
eV
/c)
19.4 GeV                   
23.8 GeV                   
27.4 GeV                   
38.8 GeV                   
62.0 GeV                   
200 GeV                    
510 GeV                    
1.8 TeV                      
1.96 TeV                    
7 TeV                        
8 TeV                        
13 TeV                       
(b)     
−2.5
0
2.5
5
7.5
10
12.5
15
10 2 10 3 10 4
√s (GeV)
<
p t
>
H
 
(G
eV
/c)
_          
4<Q<5 GeV/c2                
5<Q<6 GeV/c2                
6<Q<7 GeV/c2                
7<Q<8 GeV/c2                
8<Q<9 GeV/c2                
11<Q<12                          
12<Q<13                          
13<Q<18                          
44<Q<66                         
60<Q<120                       
116<Q<150                      
(c)     
−2.5
0
2.5
5
7.5
10
12.5
15
10 10 2
Q (GeV/c2)
<
p t
>
H
 
(G
eV
/c)
19.4 GeV                   
23.8 GeV                   
27.4 GeV                   
38.8 GeV                   
62.0 GeV                   
200 GeV                    
510 GeV                    
1.8 TeV                      
1.96 TeV                    
7 TeV                        
8 TeV                        
13 TeV                       
(d)     
0.2
0.4
0.6
0.8
1
10 2 10 3 10 4
√s (GeV)
k
_          
4<Q<5 GeV/c2                 
5<Q<6 GeV/c2                 
6<Q<7 GeV/c2                 
7<Q<8 GeV/c2                 
8<Q<9 GeV/c2                 
11<Q<12                           
12<Q<13                           
13<Q<18                           
44<Q<66                          
60<Q<120                        
116<Q<150                      (e)     
0.2
0.4
0.6
0.8
1
10 10 2
Q (GeV/c2)
k
19.4 GeV                   
23.8 GeV                   
27.4 GeV                   
38.8 GeV                   
62.0 GeV                   
200 GeV                    
510 GeV                    
1.8 TeV                      
1.96 TeV                    
7 TeV                         
8 TeV                         
13 TeV                       (f)     
Fig. 6. Similar to Figure 5, but showing the trends of parameters (a)(b) 〈pt〉S, (c)(d) 〈pt〉H , and (e)(f) k in the two-
component Erlang distribution with (a)(c)(e)
√
s and (b)(d)(f) Q. The contribution fraction of the second component is
1− k which shows an opposite trend with k.
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Fig. 7. Similar to Figure 5, but showing the parameters (a)(b) p1 and (c)(d) n1 in the Hagedorn function with (a)(c)
√
s
and (b)(d) Q.
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4 Summary and conclusions
We have studied the transverse momentum spectra of
lepton pairs generated by the Drell-Yan process in p-Cu,
π−-W, and pp (pp¯) collisions over an energy range from
∼ 20 GeV to above 10 TeV. The low energy data come
from the E288, E605, R209, PHENIX, and STAR Col-
laborations. The high energy data come from the CDF,
D0, ATLAS, CMS, and LHCb Collaborations. The mass
range of the final state particles produced in the colli-
sions also have a large span of 4 < Q < 150 GeV/c2.
Three types of probability density functions are used to
fit and analyze the collected experimental data. All the
three functions are approximately in agreement with the
experimental data. Some parameters are obtained.
In the Le´vy-Tsallis function, as increasing
√
s, there
is a knee point for the trend of n at
√
s ≈ 40–50 GeV.
Meanwhile, there is a boundary at
√
s ≈ 200 GeV above
which T increases significantly. With the increase of Q,
there is a knee point for the trend of n at Q ≈ 14–15
GeV/c2. Meanwhile, there is a boundary at Q ≈ 20
GeV/c2 above which T increases significantly. In the
two-component Erlang distribution, there is a bound-
ary at
√
s ≈ 500 GeV above which 〈pt〉S , 〈pt〉H , and
1 − k increase quickly. Meanwhile, there is a bound-
ary at Q ≈ 30 GeV/c2 above which 〈pt〉S , 〈pt〉H , and
1− k increase quickly. In the Hagedorn function, p1 in-
creases obviously with increasing
√
s and Q. There is a
knee point for the trend of n1 at
√
s ≈ 40–50 GeV and
Q ≈ 10–20 GeV/c2.
With increasing
√
s and Q, the parameters T , 〈pt〉S ,
〈pt〉H , 1− k, and p1 show monotonous increasing trend.
These increasing trends reflect that these parameters
describe the violent degree of collisions between two
(anti-)quarks in the Drell-Yan process. The parameters
n and n1 increase firstly and then decrease with the
increase of
√
s and Q. This variation implies the change
of interacting pattern. A possible explain is that the col-
lision centrality between the two (anti-)quarks changes
from periphery to center when
√
s and Q increase.
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Table 1. Values of parameters n and T in the Le´vy-Tsallis function (solid curves), 〈pt〉S, 〈pt〉H , and k in the two-component Erlang distribution (dashed curves), as
well as p1 and n1 in the Hagedorn function (dotted curves) in Figure 1. The χ
2 is for each fit. The ndof is for the fits of two-component Erlang distribution. For the
fits of Le´vy-Tsallis function and Hagedorn function, the ndof needs one more. For Figure 1(f), the selection is not the mass Q, but the quark number x.
Figure
√
s (GeV) Q (GeV/c2) n T (GeV) χ2 〈pt〉S (GeV/c) 〈pt〉H (GeV/c) k χ2 p1 (GeV/c) n1 χ2 ndof
1(a) 19.4 4− 5 1.575± 0.017 0.087± 0.002 36 0.334± 0.007 0.404 ± 0.008 0.981± 0.003 7 0.236± 0.004 2.884± 0.012 40 2
5− 6 1.505± 0.027 0.086± 0.002 37 0.337± 0.007 0.397 ± 0.008 0.979± 0.003 8 0.218± 0.002 2.864± 0.012 36 3
6− 7 2.304± 0.035 0.137± 0.006 27 0.356± 0.008 0.453 ± 0.010 0.976± 0.003 6 0.217± 0.006 2.865± 0.012 30 5
7− 8 2.764± 0.040 0.142± 0.005 8 0.353± 0.008 0.440 ± 0.010 0.971± 0.003 1 0.246± 0.005 3.125± 0.017 10 6
8− 9 2.748± 0.040 0.140± 0.005 6 0.365± 0.008 0.421 ± 0.009 0.967± 0.003 3 0.246± 0.006 3.191± 0.019 6 7
1(b) 23.8 4− 5 1.364± 0.015 0.081± 0.002 69 0.361± 0.008 0.319 ± 0.010 0.980± 0.003 12 0.137± 0.002 2.441± 0.010 44 2
5− 6 1.229± 0.013 0.069± 0.002 38 0.377± 0.008 0.288 ± 0.010 0.982± 0.003 8 0.144± 0.003 2.433± 0.015 29 3
6− 7 1.256± 0.013 0.071± 0.002 37 0.404± 0.008 0.213 ± 0.010 0.984± 0.003 5 0.151± 0.003 2.419± 0.018 24 5
7− 8 1.634± 0.018 0.126± 0.005 36 0.398± 0.008 0.208 ± 0.009 0.986± 0.003 7 0.162± 0.003 2.499± 0.024 35 6
8− 9 2.234± 0.052 0.265± 0.011 28 0.374± 0.008 0.299 ± 0.010 0.988± 0.003 27 0.338± 0.006 3.414± 0.034 51 7
11− 12 2.754± 0.042 0.279± 0.015 3 0.498± 0.011 0.110 ± 0.008 0.991± 0.003 3 0.431± 0.010 3.224± 0.042 3 6
1(c) 27.4 5− 6 1.275± 0.040 0.087± 0.002 32 0.401± 0.005 0.172 ± 0.009 0.989± 0.003 2 0.123± 0.003 2.170± 0.009 16 3
6− 7 1.186± 0.014 0.080± 0.002 42 0.407± 0.004 0.165 ± 0.008 0.989± 0.003 2 0.121± 0.003 2.149± 0.009 21 2
7− 8 2.117± 0.028 0.148± 0.005 85 0.419± 0.005 0.141 ± 0.008 0.990± 0.003 6 0.202± 0.004 2.763± 0.016 76 6
8− 9 3.305± 0.065 0.212± 0.006 105 0.420± 0.005 0.112 ± 0.005 0.991± 0.003 11 0.521± 0.006 3.919± 0.026 126 7
11− 12 3.863± 0.085 0.229± 0.012 23 0.422± 0.005 0.116 ± 0.005 0.989± 0.003 8 0.495± 0.005 3.954± 0.024 24 11
12− 13 3.857± 0.091 0.237± 0.014 14 0.427± 0.005 0.103 ± 0.005 0.992± 0.003 10 0.518± 0.006 4.012± 0.024 22 11
13− 14 3.753± 0.080 0.225± 0.008 4 0.431± 0.006 0.085 ± 0.004 0.991± 0.003 3 0.320± 0.004 3.209± 0.019 7 8
1(d) 38.8 7− 8 3.313± 0.068 0.255± 0.010 3 0.489± 0.012 0.500 ± 0.068 0.983± 0.003 2 0.436± 0.009 3.307± 0.036 4 6
8− 9 3.653± 0.080 0.232± 0.010 2 0.464± 0.012 0.722 ± 0.070 0.992± 0.003 2 0.528± 0.005 3.750± 0.031 4 7
11.5− 13.5 4.155± 0.091 0.215± 0.008 3 0.409± 0.008 0.986 ± 0.081 0.995± 0.003 2 0.436± 0.005 3.846± 0.035 4 11
13.5− 18.0 4.158± 0.091 0.197± 0.003 8 0.389± 0.007 0.586 ± 0.068 0.986± 0.003 7 0.408± 0.009 3.959± 0.040 9 11
1(e) 21.7 4.05− 4.50 3.221± 0.085 0.155± 0.005 412 0.397± 0.008 0.473 ± 0.013 0.958± 0.003 107 0.572± 0.006 2.175± 0.012 563 13
4.50− 4.95 3.073± 0.073 0.163± 0.005 227 0.429± 0.009 0.314 ± 0.005 0.968± 0.003 94 0.505± 0.005 2.696± 0.010 311 14
4.95− 5.40 3.663± 0.089 0.176± 0.006 122 0.411± 0.008 0.481 ± 0.014 0.966± 0.003 88 0.512± 0.005 2.357± 0.014 180 13
5.40− 5.85 3.348± 0.088 0.165± 0.005 47 0.425± 0.009 0.632 ± 0.016 0.955± 0.003 57 0.595± 0.005 2.803± 0.012 79 11
5.85− 6.75 3.841± 0.112 0.186± 0.008 44 0.428± 0.009 0.358 ± 0.006 0.977± 0.003 55 0.551± 0.005 2.540± 0.014 68 14
6.75− 7.65 3.453± 0.088 0.188± 0.008 32 0.442± 0.010 0.499 ± 0.015 0.971± 0.003 48 0.563± 0.005 2.746± 0.015 70 11
7.65− 9.00 3.965± 0.090 0.202± 0.008 20 0.433± 0.010 0.423 ± 0.009 0.997± 0.003 28 0.552± 0.005 2.323± 0.014 33 12
9.00− 10.35 3.321± 0.088 0.167± 0.005 15 0.379± 0.007 0.482 ± 0.014 0.983± 0.003 10 0.506± 0.005 2.904± 0.018 20 11
10.35− 11.70 3.013± 0.073 0.172± 0.005 17 0.372± 0.007 0.219 ± 0.003 0.984± 0.003 13 0.561± 0.005 2.767± 0.016 20 9
11.70− 13.05 2.707± 0.045 0.153± 0.005 3 0.354± 0.006 1.491 ± 0.057 0.979± 0.003 3 0.521± 0.005 3.312± 0.025 3 7
1(f) 21.7 x (1/c)
0.00− 0.10 2.702± 0.045 0.148± 0.005 32 0.408± 0.008 0.645 ± 0.016 0.974± 0.003 15 0.189± 0.005 2.035± 0.008 47 11
0.10− 0.20 2.873± 0.048 0.113± 0.004 69 0.374± 0.007 0.503 ± 0.015 0.976± 0.003 25 0.188± 0.005 2.806± 0.012 92 15
0.20− 0.30 3.978± 0.092 0.187± 0.006 90 0.386± 0.008 0.487 ± 0.014 0.979± 0.003 46 0.190± 0.005 2.865± 0.012 134 13
0.30− 0.40 2.938± 0.058 0.136± 0.005 120 0.393± 0.008 0.580 ± 0.015 0.963± 0.003 62 0.184± 0.005 2.468± 0.011 159 13
0.40− 0.50 3.046± 0.061 0.152± 0.005 105 0.393± 0.008 0.512 ± 0.014 0.975± 0.003 57 0.185± 0.005 3.581± 0.018 190 13
0.50− 0.60 2.820± 0.052 0.158± 0.005 106 0.399± 0.008 0.491 ± 0.014 0.959± 0.003 54 0.293± 0.010 3.302± 0.016 162 13
0.60− 0.70 2.721± 0.045 0.180± 0.006 141 0.383± 0.008 0.403 ± 0.012 0.969± 0.003 52 0.298± 0.010 2.841± 0.012 198 13
0.70− 0.80 2.938± 0.048 0.158± 0.005 119 0.376± 0.007 0.427 ± 0.013 0.956± 0.003 55 0.202± 0.008 3.102± 0.016 166 13
0.80− 0.90 3.022± 0.063 0.126± 0.004 74 0.284± 0.004 0.394 ± 0.011 0.989± 0.003 46 0.367± 0.012 3.673± 0.018 101 11
0.90− 1.00 3.143± 0.068 0.095± 0.012 25 0.195± 0.002 0.281 ± 0.008 0.985± 0.003 6 0.386± 0.015 3.868± 0.022 17 7
1
3
Table 1. Continued. Values of parameters n and T in the Le´vy-Tsallis function (solid curves), 〈pt〉S, 〈pt〉H , and k in the two-component Erlang distribution (dashed
curves), as well as p1 and n1 in the Hagedorn function (dotted curves) in Figures 2–4. The χ
2 is for each fit. The ndof is for the fits of two-component Erlang
distribution. For the fits of Le´vy-Tsallis function and Hagedorn function, the ndof needs one more. For Figures 4(a) and 4(b), different y ranges are included.
Figure
√
s (GeV) Q (GeV/c2) n T (GeV) χ2 〈pt〉S (GeV/c) 〈pt〉H (GeV/c) k χ2 p1 (GeV/c) n1 χ2 dof
2(a) 62.0 5− 8 3.887± 0.080 0.136 ± 0.006 21 0.287± 0.006 0.913± 0.075 0.989± 0.003 26 0.394 ± 0.005 4.049 ± 0.030 18 9
2(b) 200 4.8− 8.2 3.187± 0.068 0.258 ± 0.015 18 0.617± 0.017 0.277± 0.010 0.977± 0.003 18 0.451 ± 0.009 3.339 ± 0.026 15 8
2(c) 510 73− 114 4.394± 0.100 0.993 ± 0.038 2 1.835± 0.054 0.890± 0.070 0.890± 0.003 2 1.260 ± 0.015 3.331 ± 0.020 2 3
3(a) 1800 66− 116 2.618± 0.028 0.820 ± 0.016 25 2.631± 0.110 7.092± 0.320 0.511± 0.002 24 1.088 ± 0.012 2.916 ± 0.015 37 33
3(b) 1960 66− 116 2.661± 0.018 0.840 ± 0.018 270 2.690± 0.128 8.120± 0.403 0.524± 0.002 134 1.222 ± 0.013 3.030 ± 0.016 476 53
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